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In this article, we discuss the propagation of scalar fields in conformally transformed spacetimes
with either minimal or conformal coupling. The conformally coupled equation of motion is
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2I. INTRODUCTION
Having incorporated the quantum behavior of a propagating field in a fixed curved background and calculated the
Bogoliubov coefficients, Hawking [1] discovered that black holes were not really black as they had been believed to be,
but that they radiate with a perfect black body spectrum. Apart from Hawking’s original calculation, there have been
many derivations of the Hawking effect. Euclidean signature methods have been employed to show that the Hawking
temperature is related to the periodicity in imaginary time [2]. Some authors have exploited the structure of trace
anomaly to derive the Hawking radiation [3]. Another popular version is the tunneling mechanism that obtains the
Hawking flux from a path integral across the horizon [4]. An alternative approach is to compute the reflection and
absorption coefficients of quantum fields in the black hole spacetime and employing the connection between them to
obtain the Bogoliubov coefficients which will ultimately yield the Hawking temperature [5–8],
R
T
=
1
e
ω
TH − 1
. (1)
Stephen Hawking showed that the area of event horizon never decreases in any classical physical processes [9]. The
analogy between this and the second law of thermodynamics was inspiring for Bekenstein to associate entropy to the
black holes, which is proportional to the area of the event horizon [10]. This is contrary to our intuitive expectation
that the number of states is proportional to the volume of the system. Motivated by this, the holographic principle was
proposed by Gerard t’Hooft [11] and it was later developed by Leonard Susskind [12]. It states that the information
content in a macroscopic region of space can be represented by a theory that lives on the surface that encloses this
region. The concrete examples of the holographic principle in the area of gravity are the black holes entropy and
the AdS/CFT correspondence [13]. The AdS/CFT correspondence is the duality between the gravity living in five
dimensional AdS spacetime and the super Yang-Mills conformal field theory happening in its boundary.
The study of Hawking temperature behavior under conformal transformation is a useful method for gaining insight
into the conformal invariance of such gravitational systems as black holes. No convincing evidence is available to
indicate that the conformal transformation is a symmetry of nature; however, it has been recently proposed that
the conformal theory might be able to yield the evolution of the galaxies’ dark matter [14]. Moreover, a number
of authors [15] have argued that the outcomes of classical physical experiments should not be altered under such
a transformation. This is contrary to the fact that this transformation does change the geometry. The Christoffel
symbols and the curvature tensor are not invariant under this transformation. Besides, time like geodesics in one
conformal frame is not necessarily geodesics in other conformal frames, but null rays remain geodesics although not
necessarily affinely parameterized [16, 17]. However, since the Einstein field equation is not conformally invariant,
a conformally transformed black hole solution will not equally hold for the field equations of general relativity.
Nonetheless, the event horizon remains unchanged under rescaling because it is a null hypersurface and the transformed
black hole may still serve as a background on which Hawking radiation emerges and, thus, a temperature could be
attributed to its event horizon. The behavior of various black holes’ variables in alternative theories and for dynamical
black holes under rescaling has been explored in [18].
In this paper, we investigate the evolution of scalar fields via both conformally and minimally coupled equations of
motion. Like the minimal coupling equation, the conformally coupled one can be transformed into a one-dimensional
Schro¨dinger-like equation with a conformally invariant potential if suitable variable changes are considered. Jacobson
and Kang have argued that Hawking temperature of the asymptotically flat and static black holes remains unchanged
under conformal transformations that are identity at the infinity [19]. Here, we provide evidence in favor of the
argument that the conformally coupled equation of motion gives the same Hawking temperature as does its minimally
coupled counterpart and that the Hawking temperature is, therefore, invariant under the conformal transformation.
We further discuss the method to identify the conformal factors that relate black holes to spacetimes with zero scalar
curvature, and examine their behavior at asymptotic infinity. Furthermore, the conformal factors are obtained in
some spacetimes. The minimal coupling choice is utilized to work out the Hawking temperature for some conformally
deformed black holes that are not asymptotically flat with the conformal factors that are not identity at infinity to see
that the outcomes are the same as those of the original black holes. Thus, it seems that the restrictions introduced in
[19] are the sufficient conditions. Finally, it is conjectured that quasi normal modes may be invariant under conformal
transformation.
The plan of this paper is as follows. The second section investigates the scalar field theory in curved spacetimes
with minimal and conformal coupling cases. In Section 3, it will be argued that both the conformal and minimal
couplings yield the same temperature for black holes. In Section 4, a differential equation will be introduced for
determining the conformal factors that take us to spacetimes with zero scalar curvature. Here, it will be shown that
the solutions of this differential equation go to identity at asymptotic infinity. In Section 5, it is conjectured that the
Hawking temperature resulting from the minimally coupled equation is invariant under conformal transformations
that are not identity at the infinity. Section 6 is devoted to the quasi normal modes. It is claimed that quasi normal
modes might be invariant under conformal transformations. Conclusions and discussion are presented in Section 7.
3The appendices embrace brief descriptions of Whittaker and hypergeometric functions. Additionally, we select the
signature to be (-,+,+,...).
II. SCALAR FIELD THEORY IN CURVED SPACETIMES
Either of two procedures may be exploited for generalizing the quantum field theory to curved spacetimes: minimal
coupling and conformal coupling. The massless Lagrangian density for the scalar field in a curved spacetime is defined
as follows
L =
√−g(−1
2
gµν∇µφ∇νφ+ ξ R φ2) (2)
where, g is the determinant of the metric gµν . A coupling to the scalar curvature R has been included by the constant
ξ. This Lagrangian density leads to the following equation of motion
∇µ∇µφ+ ξRφ = 0. (3)
Minimal coupling is defined by ξ = 0 and ignores the coupling to the curvature scalar, while in the conformal coupling
it will be:
ξ =
d− 2
4(d− 1) (4)
which is 16 in the four dimensional spacetime. The conformally coupled equation of motion is invariant under conformal
transformation
g˜µν = w
2 (x) gµν (5)
where, the conformal factor, w (x), is a smooth, non-zero, scalar function of the spacetime coordinate, if φ is also
transformed as follows φ → ω d−22 φ. The evolution of scalar fields in curved spacetimes is described via the equation
of motion in (3), the minimally coupled version of which is as follows and has been already explored extensively
∇µ∇µφ = 0. (6)
However, there are by far the less studies dealing with the behavior of quantum fields under the non-minimally coupled
equation. One example may be found in [20]
∇µ∇µφ+ d− 2
4(d− 1)Rφ = 0. (7)
Minimal coupling
Contemplate the propagation of scalar fields via minimally coupled equation of motion (6) in a curved spacetime
background given below
ds2 = −f (r) dt2 + dr
2
f(r)
+ r2dΩ2d−2 (8)
where, d is the dimension of spacetime. This equation is separable by considering
φ(r, t,Ωd−2) =
∑
l,m
eiωtF (r)Yl,m(Ωd-2), F (r) =
Ψ (r)
r
d−2
2
(9)
and can be recast as a one-dimensional Schro¨dinger-like equation on the interval −∞ < x <∞
d2Ψ(r)
dx2
+
(
ω2 − V [r (x)])Ψ(r) = 0 (10)
where, dx = f(r) d
dr
is the tortoise coordinate in which the potential depends on the geometry of the spacetime
background:
Vscalar (r) = f
l (l + d− 3)
r2
+ (11)
d− 2
2
ff
′
r
+
(d− 2) (d− 4)
4
f2
r2
.
4A list of the potentials for some spacetimes may be found in [21]. For the conformally transformed metric
ds˜2 = −w2 (r) f (r) dt2 + (12)
w2(r)
f(r)
dr2 + w2 (r) r2dΩ2d−2
the wave equation can also be written as
d2ψ(r)
dx2
+ (ω2 − V˜ [r(x)])ψ(r) = 0 (13)
where,
ψ(r) = (rw)
d−2
2 Ψ(r) (14)
and
V˜ (r) = (
d− 2
2
)f [
w′
w
((
d
2
− 2)w
′
w
f + (d− 2)f
r
+ (15)
f ′) +
w′′
w
f + (
d
2
− 2) f
r2
+
f ′
r
] + f
l(l + d− 3)
r2
and w′ = dw
dr
. As expected, the conformal transformation changes only the potential.
Near the horizon, both the potentials V (r) and V˜ (r) vanish; the former is zero at the asymptotic region, and the
latter vanishes at infinity in some cases. Thus the solutions of (10) and (13) will reduce to the ingoing and outgoing
waves at these two regions
Ψ (x) = ψ(x) = c1e
iωx + c2e
−iωx. (16)
Various outcomes, such as absorption cross section of black holes [22], and Hawking temperature [5–8], can be gained
by implementing different boundary conditions on the solutions to (10) and (13) at the near horizon area and at
infinity.
The boundary condition for the scattering process which produces the scattering probability of waves and the
absorption cross section of black hole is simple to understand [22]. Black body radiation is produced at the black
hole horizon, part of which travels all the way to infinity, and the rest is reflected back to the black hole due to the
interaction with the potential. Thus, in the near horizon we have both the ingoing and outgoing waves. However, at
asymptotic infinity there is just the outgoing wave. In addition, we can consider an equivalent process which gives
similar results. An ingoing wave can be imagined at the asymptotic infinity which is scattered by the potential barrier;
there are, therefore, both ingoing and outgoing waves at infinity but only an ingoing wave at the near horizon region.
Hawking radiation can be considered as the inverse process of scattering by the black hole. The boundary condition
will, thus, involve the presence of both the ingoing and outgoing waves at the near horizon area and the absence
of the outgoing wave at the infinity. The coefficients for reflection and transmission can be obtained by imposing
this boundary condition. These coefficients are subsequently related to Bogoliubov coefficients, which will yield the
Hawking temperature [5–8].
The reaction of a black hole perturbation will be dominated by a set of damped oscillators called quasi normal
modes. They appear as solutions to equation (6) when there are only ingoing waves in the horizon and outgoing waves
at the infinity [23].
Conformal coupling
In order to gain a better appreciation of the scalar fields’ propagation in curved spacetimes with the conformal
coupling option, we recast the equation of motion (7) into a Schro¨dinger-like equation. Then, we show that the
potential is conformally invariant, and the same potential is gained in all of the conformally related spacetimes.
Regarding the metric (8) with (9) and the conformally coupled equation (7), one can obtain
d2Ψ
dx2
+ (ω2 − Vˆ )Ψ = 0 (17)
where, Vˆ is defined as follows
Vˆ =
d− 2
d− 1f(
(d− 3)(d− 2)
4r2
− f
2r2
+
f ′
2r2
(18)
−f
′′
4
) + f
l(l + d− 3)
r2
= V − d− 2
4(d− 1)fR
5where, V is given by (11), and R is the scalar curvature of the metric (8):
R = (f ′′ + 2(d− 2)f
′
r
+ (19)
(d− 3)(d− 2) f
r2
− (d− 3)(d− 2) 1
r2
).
Considering (9) and (14) in the conformally deformed frame (12), the conformally coupled equation (7) can be
transformed into
d2ψ
dx2
+ (ω2 − Vˆ )ψ = 0 (20)
where, Vˆ is
Vˆ =
d− 2
d− 1f(
(d− 3)(d− 2)
4r2
− f
2r2
+
f ′
2r2
− f
′′
4
) (21)
+f
l(l+ d− 3)
r2
= V˜ − (d− 2)
4(d− 1)fw
2Rω
where, V˜ is defined by (15), Rw is the curvature scalar of metric (12)
Rw =
1
w4
(2(d− 1)ww′′f + (d− 4)(d− 1)w′2f (22)
+2(d− 2)(d− 1)ww′ f
r
+ 2(d− 1)ww′f ′ + w2R)
and R is the scalar curvature (19).
Although the potential Vˆ is a function of spacetime’s geometry, it is independent of the conformal factor, w, and
is equal to the potential (18), as already expected. All the potentials V , V˜ , and Vˆ vanish in the near horizon region,
signifying that both minimal and conformal coupling procedures give the same physics for the near horizon vicinity
which is conformally invariant.
III. HAWKING TEMPERATURE AND CONFORMAL COUPLING
Considering the outcomes of the former section to the effect that the scalar fields in both conformal and minimal
cases obey the same equation of motion in the near horizon vicinity, and given the well-known fact that Hawking
radiation is a near horizon phenomenon, we conjecture that both minimal and conformal coupling options, for the
scalar field theory in curved spacetimes lead to the same Hawking temperature and that it will, therefore, be invariant
under conformal transformation. One could calculate Hawking temperature, TH , of a black hole with the metric gµν
and curvature scalar R using (10). Jacobson and Kang have argued that the temperature of asymptotically flat and
static black holes is invariant under conformal transformations that are identity at infinity [19], which means that
using (13) instead of (10) would yield the same temperature TH . Now, let us suppose that the conformally coupled
equation (17) is used instead of the minimally coupled counterpart (10) to work out the temperature for the black
hole with the metric gµν , and to obtain T
′
H . We argue that both of these equations yield the same temperatures and
TH = T
′
H . This will be illustrated by solving some examples.
First, assume that we start by the conformally coupled equation (7) and get the temperature T ′H for the black
hole with the metric gµν and the curvature scalar R. Calculations based on this equation of motion give the same
temperature for a conformally related metric due to the conformal invariance of this equation. Suppose that by
choosing a suitable conformal factor, w, the considered black hole spacetime is transformed into a spacetime with the
metric gµν = w
2gµν and a zero scalar curvature (Figure 1). It is plain that we obtain the same temperature, T
′
H , as
we would when using the conformally coupled equation (7) in this deformed spacetime. In such a black hole spacetime
with a zero scalar curvature, there would be no difference between conformal coupling and minimal coupling and,
therefore, the minimally coupled equation of motion (6) would lead to the Hawking temperature T ′H , too. Thus, both
these procedures give the same temperature T ′H in the spacetime with a zero scalar curvature. We use the inverse
conformal factor, w−1, to turn back to the original black hole spacetime with the metric gµν = w−2gµν . Suppose that
the Hawking temperature is invariant under conformal transformation w−1 under the minimal coupling option. As
a result, we claim that the minimally coupled equation of motion (6) also yields the temperature T ′H in the original
spacetime. Consequently, the temperatures TH and T
′
H are equal. Thus we may conclude that both (6) and (7)
yield the same temperatures for the black hole with the metric gµν . Although we assume that Hawking temperature
6FIG. 1. The spacetime with a zero scalar curvature g
µν
which is connected to the original spacetime gµν by w(r) and w(r)
−1
plays the major role in our argument.
is invariant under the conformal transformation w−1 with the minimal coupling option the non-asymptotically flat
black holes’ temperature and conformal transformations that are not identity at infinity violate the limitations of
[19]. In the next Section, we will show that the conformal factor w(r)
−1
goes to identity at asymptotic infinity for a
very large group of black holes. In addition, it seems that Hawking temperature is invariant under a larger group of
conformal transformations than is suggested by Jacobson and Kang [19]. This is true even for black holes that are
not asymptotically flat, as we will show through the evidence provided in Section 5 (see also [24]). All of the above
arguments are depicted in Figure 1, where gµν , gµν and w are, respectively, the metrics of the original black hole, the
conformally transformed black hole with no scalar curvature, and the conformal transformation that alters the metric
gµν to the metric gµν . ”cc” and ”mc” stand for conformal coupling and minimal coupling, respectively.
In the rest of this section, we will support our claim by employing the conformally coupled equation of motion to
solve some example problems. In the case of black holes with a zero scalar curvature, such as the Schwarzschild black
hole, the equivalence of minimal coupling and conformal coupling is obvious. We will work out Hawking temperatures
of linear dilaton and acoustic black holes that are not asymptotically flat. One could transform these spacetimes to
one with a zero scalar curvature and a suitable conformal factor, which will be obtained in the next section. According
to our arguments, the calculations based on conformally coupled equation of motion must, therefore, yield the same
temperature as the one by those based on minimal coupling. We also use the tunneling mechanism to show the same
result. Although the calculations are performed in the original spacetimes, the results are also true for the conformally
related black holes, due to the conformal invariance of conformally coupled equation of motion (7).
Linear dilaton black hole
Linear dilaton black hole is a solution to Einstein-Maxwell dilaton (EMD) theory in the four dimensional spacetime.
This black hole is a special case of the more general class of non-asymptotically flat black hole solutions to EMD
theory [6, 25], with the following metric
ds1
2 = −r − b
r0
dt2 +
r0
r − bdr
2 + rr0dΩ
2 (23)
where, r0 is a constant. Taking the harmonic eigenmodes (9), the radial part of the conformally coupled equation of
motion (7) in this spacetime is
1
r
d
dr
(r(r − b) d
dr
F1(r)) + (
ω˜2
r − b +
r − b
12r2
)F1(r) = 0 (24)
where, ω˜ = r0ω and the angular momentum is zero (l = 0). Putting y = r− b, (24) reduces to the following equation
1
y + b
d
dy
(y(y + b)
d
dy
F1(y)) + (
ω˜2
y
+
y
12(y + b)2
)F1(y) = 0. (25)
The solution to this equation is the hypergeometric functions
F1(y) = C1y
β(y + b)−
√
3
6 iF (α+ β + γ, α+ (26)
7β − γ, 1 + 2β,−y
b
) + C2y
−β(y + b)−
√
3
6 i
F (α− β + γ, α− β − γ, 1− 2β,−y
b
)
where, α = 12 −
√
3
6 i, β = iω˜ and γ =
1
6
√
6− 36ω˜2. In the near horizon region (r → b, y → 0) and at infinity
(r →∞, y →∞), the wave function F1(y) approximates to (see appendix B)
F1NH(y) ≃ C1yiω˜ + C2y−iω˜ (27)
F1∞(y) ≃ y−α−γ [ C1Γ(1 + 2β)Γ(−2γ)
Γ(α+ β − γ)Γ(1 + β − α− γ) +
C2Γ(1− 2β)Γ(−2γ)
Γ(α− β − γ)Γ(1− β − α− γ) ] (28)
+y−α+γ [
C1Γ(1 + 2β)Γ(2γ)
Γ(α+ β + γ)Γ(1 + β − α+ γ) +
C2Γ(1− 2β)Γ(2γ)
Γ(α− β + γ)Γ(1− β − α+ γ) ].
The absence of an outgoing wave at infinity yields the reflection coefficient as follows
R =
∣∣∣∣Γ(1− 2β)Γ(α+ β + γ)Γ(1 + β − α+ γ)Γ(1 + 2β)Γ(α− β + γ)Γ(1− β − α+ γ)
∣∣∣∣
2
. (29)
We work out (29) in the high frequency limit
R(ω →∞) ≃ 1
e4πr0ω − 1 , T (ω →∞) = 1−R ≃ 1 (30)
and finally, making use of (1), we obtain the Hawking temperature
TH =
1
4pir0
. (31)
Acoustic black hole
In 1981, Unruh pointed out the possibility of an experimental test for black hole evaporation [26]. He considered a
nonrotational inviscid fluid with sound wave propagating in the medium. By adapting Hawking’s derivation, Unruh
predicted the analogue of Hawking radiation for a sound wave in a moving fluid. The linearized small perturbation of
wave equations in the fluid leads to an equation of motion for the massless scalar field in a geometrical background
that is similar to the black hole metric [26]. This is the diagonalized metric of this black hole expressed as follows:
ds2 =
ρ0
c
[
−
(
c2 − vr02
)
dτ2 +
c2dr2
c2 − vr02
+ r2dΩ2
]
(32)
where, ρ0, v
r
0 , and c are, respectively, the density and velocity of the flow and the local velocity of the sound. If
the flow smoothly exceeds the sound velocity at the sonic horizon r = rSH , the velocity can be expanded as v
r
0 =
c+ a (r − rSH) +O(r − rH)2 and, therefor, the resulting metric becomes [7]
ds2
2 = ρ0[−2a (r − rSH) dτ2 (33)
+
dr2
2a (r − rSH) + r
2dΩ2]
which is similar to the Rindler metric and the Hawking temperature is TH =
a
2π . This black hole can also be
transformed into a black hole with the zero scalar curvature (see the next section). It is, therefore, expected that the
conformal option gives the same result as the minimal one does. The radial part of the conformally coupled equation
of motion (7) in this spacetime obeys the following equation
1
(z + rSH)2
d
dz
(kz(z + rSH)
d
dz
F2(z)) + (34)
(
ω2
kz
+
3k(z + rSH) + krSH − 1
3(z + rSH)2
)F2(z) = 0
8where, k = 2a and z = r − rSH . The solution to this differential equation is
F2(z) = (z + rSH)
− 12−α
′
6 (C1z
iω
k F [
1
2
− α
′
6
, (35)
1
2
− α
′
6
+ 2i
ω
k
, 1 + 2i
ω
k
,− z
rSH
] + C2z
−iω
k F [
1
2
− α
′
6
,
1
2
− α
′
6
− 2iω
k
, 1− 2iω
k
,− z
rSH
])
where, α
′
=
√
21krSH−12√
krSH
. The behavior of (35) at the near horizon and asymptotic regions are, respectively,
F2NH(z) ≃ C1ziωk + C2z−iωk (36)
F2∞(z) ≃ [C1
Γ(1 + 2iω
k
)Γ(2iω
k
)
Γ(12 − α
′
6 + 2i
ω
k
)Γ(12 +
α′
6 + 2i
ω
k
)
(37)
+C2
Γ(1− 2iω
k
)Γ(2iω
k
)
Γ(12 − α
′
6 )Γ(
1
2 +
α′
6 )
]z1+i
ω
k
+[C1
Γ(1 + 2iω
k
)Γ(−2iω
k
)
Γ(12 − α
′
6 )Γ(
1
2 +
α′
6 )
+C2
Γ(1− 2iω
k
)Γ(−2iω
k
)
Γ(12 − α
′
6 + 2i
ω
k
)Γ(12 +
α′
6 + 2i
ω
k
)
]z1−i
ω
k
Regarding the proper boundary condition at the asymptotic region, the reflection coefficient produced will be:
R =
∣∣∣∣C1C2
∣∣∣∣
2
= (38)
∣∣∣∣∣Γ(
1
2 − α
′
6 + 2i
ω
k
)Γ(12 +
α
′
6 + 2i
ω
k
)Γ(1− 2iω
k
)
Γ(12 − α
′
6 )Γ(
1
2 +
α′
6 )Γ(1 + 2i
ω
k
)
∣∣∣∣∣
2
.
In the high frequency limit, (38) reduces to
R(ω →∞) ≃ 1
e
4piω
k − 1 , T (ω →∞) = 1−R ≃ 1 (39)
and it yields the Hawking temperature
TH =
k
4pi
=
a
2pi
(40)
which is like what we mentioned previously.
It should be noted that the potential in the conformal coupling option (18) contains two pieces, one piece is the
potential of the minimal coupling case, given in (11) and the second part is proportional to fR. Due to the smoothness
of the spacetime the Ricci scalar in large distances is either a constant or zero. Thus, we may consider two different
behaviors for the term fR at infinity. First, if the term fR diverges then the potential diverges and the boundary
conditions have to be handled carefully. We do not consider this case in this paper. The other possibility is when fR
is either zero or a constant at large distances. Thus the whole potential (18) is a constant now and we call it V0. This
case much occurs in the calculations, for example the potentials of the dilaton black hole and acoustic black holes,
considered above, respectively behave as a uniform barrier and a uniform well at infinity. In this case, equation (17)
takes the following form at this area (
d2
dx2
+ k2
)
Ψ(x) = 0 (41)
where k2 = ω2 − V0. At large distances, we have a uniform potential, however, in the large frequency limit (ω →∞),
the propagating fields’ energy is more than the potential barrier (ω2 − V0 > 0). Therefore, the solutions to the
differential equation (41) are the plane waves. In the large frequencies limit, k tends to ω and the contribution of the
potential is not significant, and the solutions reduce to (16). Therefore, one could implement the boundary conditions
without any problem in the case of asymptotically non-flat black holes when the term fR is finite at asymptotic
region. For the massive particles, we have an extra term containing the mass. This term is very similar to the term
included the Ricci scalar, and all of the above arguments can also be applied to that.
9Tunneling mechanism
Another approach that yields the Hawking temperature is the tunneling mechanism. This method is based on the
complex path analysis, which yield different tunneling probabilities for the ingoing and outgoing modes [4]. This
difference is as follows
Pemission = e
−βωPabsorption. (42)
Considering that the potential (21) is vanishing in the near horizon area, the solutions to the wave equation (20)
will be the ingoing and outgoing waves:
ψ(x) = c1e
iωx + c2e
−iωx. (43)
Transforming back to the original coordinate, it is
ψ(r) = c1e
iω
∫
dr
f(r) + c2e
−iω ∫ dr
f(r) (44)
where f(r) has a pole at r = rH , and the integration can be work out using the residue technique. We use the upper
complex path, which detours the pole so that the pole is not inside the contour, to work out the integral when the
outgoing modes locate inside the horizon (r < rH) and the ingoing modes locate outside the horizon (r > rH).
−
∫ rH+ǫ
rH−ǫ
dr
f(r)
=
ipi
f ′(rH)
, (45)
−
∫ rH−ǫ
rH+ǫ
dr
f(r)
= − ipi
f ′(rH)
(46)
where the integrals are respectively worked out for outgoing and ingoing modes and the minus sign is included to
correct the sign of action [4]. The modulus of the amplitudes give the probability of absorption and emission
Pemission ∼ e
−2piω
f′(rH ) (47)
Pabsorption ∼ e
2piω
f′(rH ) . (48)
Therefore, exploiting (42), we get the temperature of the black hole using the conformally coupled equation to be the
same as the minimally coupled:
T =
f ′(rH)
4pi
. (49)
We have done this calculation for all mentioned cases and confirmed that like the method based on the absorption and
transmission coefficients, the tunneling mechanism also gives the same temperature when one utilizes the conformally
coupled equation of motion rather than the minimally coupled equation.
Jacobson and Kang have argued that the temperature of asymptotically flat and static black holes is invariant under
conformal transformations that are identity at infinity [19]. In this section, we argued that if a conformal factor, w,
exists which transforms the black hole spacetime to a spacetime with a zero scalar curvature, the minimally coupled
equation of motion (6) and the conformally coupled equation of motion (7) both give the same temperature, and the
temperature is, thus, invariant under any conformal transformation. Therefore, in the case of black holes with zero
scalar curvature, like the case of the Schwarzschild black hole, it is, therefore, clear that the black hole’s temperature
is invariant under any conformal transformation. We also made use of conformal coupling to work out the Hawking
temperatures of linear dilaton and acoustic black holes, which have non-zero scalar curvatures and are conformally
connected to black holes with zero scalar curvature. Besides, we show that employing the conformal coupling in the
tunneling approach yields the same temperature as minimal coupling. The result was the same temperature as with
the minimal coupling case confirming the argument presented in this section.
IV. ZERO SCALAR CURVATURE
Generally, the conformal transformation (5) changes the geometry might transform a spacetime with a non-zero
scalar curvature to a spacetime with a zero scalar curvature. In this part, we will introduce a differential equation
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whose solutions are appropriate conformal factors, w(r), that change the original spacetime into a spacetime with a
zero scalar curvature. Its behavior at space-like infinity will be investigated here. This differential equation played
a key role in the argument in the previous section, where we claimed that if a solution to this differential equation
exists for a black hole, the minimally coupled equation (6) and the conformally coupled equation of motion (7) give
the same temperature for any black holes conformally related to it.
Assume that the metric (8) is transformed under the conformal factor w(r) to the metric (12) with vanishing scalar
curvature. Therefore the solutions to the following differential equation are the suitable conformal factors, which take
us to the spacetimes with zero scalar curvature.
Rw = 0 (50)
where Rw is given by (22). This differential equation is non-linear but reduces to a second order linear differential
equation in the four dimensional spacetime
w′′(r) + (
f ′(r)
f(r)
+
2
r
)w′(r) +
R
6f(r)
w(r) = 0. (51)
In most cases, two independent solutions are possible to this equation employing the Frobenius method. Now, we will
examine equation (50) at space-like infinity to see if the restrictions in [19] are met. Consider the following conditions
lim
r→∞
f ′(r)
f(r)
=
a
rn
, lim
r→∞
f ′′(r)
f(r)
=
b
rm
(52)
where, a and b are constants. We take n = 1 and m > n, which frequently appear in this approximation. Neglecting
the terms that go to zero faster than r−1 in asymptotic infinity, thus R
f(r) → 0, we approximate the differential
equation (50) to
w′′(r) + (
d− 4
2
)
w′2
w(r)
+ (
d+ a− 2
r
)w′(r) = 0. (53)
The solution to this equation is
w(r) =
(
C1 + C2r
−a−d+3) 2d−2 . (54)
Another frequent possibility is n > 1, which gives
w′′(r) + (
d− 4
2
)
w′2
w(r)
+ (
d− 2
r
)w′(r) = 0 (55)
with the solution
w(r) =
(
C1 + C2r
−d+3) 2d−2 . (56)
The solutions (54) and (56) are constants at asymptotic infinity, which we set to w(r) = w(r)−1 = 1 for asymptotically
flat black holes. The conformal transformation that changes the black hole spacetime to a spacetime with vanishing
scalar curvature will, therefore, satisfy the restrictions in [19]. These solutions in the four dimensional spacetime,
respectively, reduce to
w(r) = C1 + C2r
−(a+1) (57)
and
w(r) = C1 + C2r
−1 (58)
which behave the same as (54) and (56) at the asymptotic region. Moreover, it should be noted that the conditions
(52) with the selected values for n and m cover a very large group of black holes, particularly asymptotically flat
ones. Thus, in the case of asymptotically flat black holes, all the restrictions in [19] are satisfied. Based on the results
obtained in the previous section, we, therefore, assume that for such black holes both the minimal and conformal
coupling options lead to identical Hawking temperatures and the temperature will, thus, be invariant under any
conformal transformation. In the next section, we will provide some evidence indicating that the non-asymptotically
flat black hole temperatures might also follow the same behavior. In the rest of this section, we solve the differential
equation (51) for some black holes to gain the appropriate conformal transformations.
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Consider the metric
ds2 = −k(r − b)dt2 + 1
k(r − b)dr
2 + r2dΩ2 (59)
with the scalar curvature R = 2 3kr−kb−1
r2
, which is similar to the acoustic black hole metric. Equation (51) in this
spacetime takes the form
3k(r − b)w′′(r) + k(9 − 6 b
r
)w′(r) (60)
+(
3kr − kb− 1
r2
)w(r) = 0.
The Legendre functions are the solution to this equation
w(r) =
C1
r
LegendreP [
−1
2
− ip, 2b− r
r
] (61)
+
C2
r
LegendreQ[−1
2
+ ip,
2b− r
r
]
where, p =
√
3kb+12
6
√
kb
. Imagine the de Sitter spacetime, one might find various forms of this metric in [27]
ds2 = −(1− Λ
3
r2)dt2 +
1
1− Λ3 r2
dr2 + r2dΩ2 (62)
with the scalar curvature R = −4Λ. The differential equation (51) in this spacetime is
(3− Λr2)w′′(r) + (6
r
− 4Λr)w¯′(r)− 2Λw¯(r) = 0. (63)
The solution to this equation is
w(r) =
C1
r
+
C2
r
tanh−1(
√
Λ
3
r). (64)
Using (64) with C1 = 1 and C2 = 0, one can get a spacetime conformally related to (62) with a zero scalar curvature
ds2 = −( 1
r2
− Λ
3
)dt2 +
1
r4( 1
r2
− Λ3 )
dr2 + dΩ2. (65)
The function ”tanh−1(
√
Λ
3 r)” is not defined at far distances (r → ∞). So, we select C2 = 0 and then the conformal
factor (64) will behave as (58) does. Nevertheless, we cannot set it to be identity at this region.
One needs to proceed with caution in calculating the temperature of the cosmological horizon in the de Sitter
spacetime, because the time-like killing vector is ill-defined in some parts of this spacetime [27], and we do not discuss
this case in this paper. Nevertheless, the following naive calculations of surface gravity might indicate that the
temperatures corresponding to (62) and (65) are the same. The surface gravity is given by [16]
k = | g
′
00
2
√−g00g11 |r=rH (66)
where the prime denotes differentiation with respect to the radial coordinate, r. Putting the elements of the metric
(65) into the above expression for the surface gravity, we get
k =
2
r3
H
2
√
1
r4
H
=
1
rH
=
√
3
Λ
= 2piTH (67)
which is the same as the surface gravity of the original cosmological event horizon. Moreover, it can be demonstrated
that the surface gravity (66) is invariant under rescaling for the following general metric
ds˜2 = −ω2(r)f(r)dt2 + ω2(r)g(r)dr2 + ω2(r)r2dΩ2 (68)
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where f(rH) = 0 and f(rH)g(rH) 6= 0. The surface gravity for the above deformed metric will be
k(ω) =
(ω2(r)f(r))′
2ω2(r)
√
f(r)g(r)
|r=rH =
f ′(r)
2
√
f(r)g(r)
|r=rH +
2ω(r)ω′(r)f(r)
2ω2(r)
√
f(r)g(r)
|r=rH . (69)
The second term in the above expression vanishes, due to the root of f(r) at r = rH . Therefore, the surface gravity is
k(ω) =
f ′(r)
2
√
f(r)g(r)
|r=rH = k(ω = 1). (70)
As we see, the surface gravity and therefore the temperature is free from the conformal factor ω.
The Schwarzschild black hole has a zero scalar curvature and w obeys
(1− 2M
r
)w′′(r) +
2
r
(1− M
r
)w′(r) = 0 (71)
with the solution
w(r) = C1 − C2 1
2M
ln(
2M − r
r
). (72)
The function ”ln(2M−r
r
)” is not defined at the asymptotic region, either. We, therefore, set C2 to be zero, thus
(72) follows (58) at this area. We set C1 = 1, which obeys the restriction in [19]. Thus, the temperature of the
Schwarzschild black hole is invariant under any conformal transformation.
There are spacetimes with metrics different from (8). For example, consider the linear dilaton black hole (23). The
scalar curvature of this spacetime is R = − r−b2r0r2 . The conformally deformed metric can be written as
ds2 = −w2(r)r − b
r0
dt2 + (73)
w2(r)
r0
r − bdr
2 + rr0w
2(r)dΩ2
with the scalar curvature
Rw =
1
2rr0w
2 (12r(r − b)w′′ + 12(2r − b)w′ − w) = 0. (74)
The solution to the differential equation gives the conformal transformations that lead to the following spacetimes
with no scalar curvature
w(r) = C1F (λ, λ, 2λ,
b
r
)r−λ + (75)
C2F (1− λ, 1 − λ, 2(1− λ), b
r
)rλ−1
where, F (a, b, c, z) is a hypergeometric function (appendix B), and λ = 12 −
√
3
3 ≃ −0.077. The solution (75) is
approximated to
w(r) ≃ C1r0.077 + C2r−1.077 (76)
at large distances (r → ∞). We observe that it slightly disobeys (58) and cannot be set to be identity. However,
we saw in the previous section that the calculations based on conformally coupled equation of motion give the same
temperature for this spacetime as do those based on minimal coupling. In the next section, we will also see that the
calculations based on the minimally coupled equation (6) in the deformed versions of this black hole leads to the same
temperature. Such evidences inspire one to conjecture that the restrictions in [19] are the only sufficient conditions.
In the third section, we argued that both the minimally coupled and the conformally coupled equations of motion
bear the same Hawking temperature if a conformal factor exists so that it changes the original black hole spacetime
to one with a zero scalar curvature. In this section, we provide a differential equation for these conformal factors, and
we also inspect their behavior at asymptotic infinity. As a result, we provide further confirmation for the argument
in the former section that the minimally coupled equation (6) and the conformally coupled equation (7) both lead to
the same temperature for black holes. However, we conjecture that the term ξR in (3) is not a factor contributing to
the Hawking temperature.
13
V. CONFORMAL TRANSFORMATION, MINIMAL COUPLING AND HAWKING TEMPERATURE
In this section, we employ equation (6) to calculate the temperature of certain spacetimes that are conformally
related to the Schwarzschild black hole, linear dilaton black hole, and acoustic black hole, for all of which we obtain
the same temperature as those for the original spacetimes. Regarding the fact that linear dilaton and acoustic black
hole spacetimes are not asymptotically flat, and also given that the conformal factors chosen are not identity at the
infinity, it seems that the limitations in [19] are sufficient conditions, and that more general conformal transformations
leave the Hawking temperature unchanged.
Schwarzschild black hole
The Schwarzschild black hole with the metric
ds2 = −
(
1− 2M
r
)
dt2 +
1(
1− 2M
r
)dr2 + r2dΩ2 (77)
is asymptotically flat and meets one of the conditions in [19]. The radial wave equation for the metric (77) is solvable
in terms of the Confluent Heun functions which are not known adequately and one cannot, therefore, analytically
derive any outcome [28].
Assuming the conformal factors to be
(
1− 2M
r
)−1
and
(
1− 2M
r
)
, the conformally transformed metrics will be as
follows:
ds3
2 = −dt2 +
(
1− 2M
r
)−2
dr2 +
r2(
1− 2M
r
)dΩ2 (78)
ds4
2 = −
(
1− 2M
r
)2
dt2 + dr2 + r2
(
1− 2M
r
)
dΩ2 (79)
where the indices ”3” and ”4” are used, respectively, for the conformally transformed metrics under the first and
second conformal transformations. Based on (9), we obtain the following radial equations(
1− 2M
r
)2
r−2
d
dr
(
r2
d
dr
F3(r)
)
+ ω2F3(r) = 0 (80)
r−2
(
1− 2M
r
)−2
d
dr
(
r2
(
1− 2M
r
)2
dF4(r)
dr
)
(81)
+ω2
(
1− 2M
r
)−2
F4(r) = 0
where, F3(r) and F4(r), respectively, represent the radial parts of the wave function in the spacetimes (78) and
(79). The scalar fields have a zero angular momentum l = 0. Introducing a = −2iMω, b = i2
√
16M2ω2 − 1, b′ =
i
√
16M2ω2−9upslope2 , z =
(
2− r
M
)
, we will have
F3 (r) =
1
r
(C1WhittakerM [a, b, az] (82)
+C2WhittakerW [a, b, a z])
F4 (r) = (2M − r)−1(C1WhittakerM
[
a, b
′
, z
]
(83)
+C2WhittakerW
[
a, b
′
, z
]
).
The partial wave near the horizon (r → 2M, z → 0 ) is thus (appendix A)
F3NH(r) ≃
(
C1 + C2
Γ (−2b)
Γ
(
1
2 − b− a
)
)
(az)
1
2+b (84)
+C2
Γ (2b)
Γ
(
1
2 + b− a
) (az) 12−b
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F4NH(r) ≃
(
C1 + C2
Γ (−2b′)
Γ
(
1
2 − b′ − a
)
)
(az)
1
2+b
′
(85)
+C2
Γ (2b′)
Γ
(
1
2 + b
′ − a) (az)
1
2−b′
and at the infinity (r →∞, z →∞), it will be:
F3∞(r) ≃ C1
r
Γ (1 + 2b)
Γ
(
1
2 + b− a
)eiMω( rM−2)(az)2iMω (86)
+
C2
r
e−iMω(
r
M
−2)(az)−2iMω
F4∞(r) ≃ C1
2M − r
Γ (1 + 2b)
Γ
(
1
2 + b− a
)eiMω( rM−2)(az)2iMω (87)
+
C2
2M − r e
−iMω( rM−2)(az)−2iMω .
Based on the relevant boundary condition, the outgoing mode at infinity must be absent and ,therefore, C1 = 0; thus,
the reflection coefficients are given by
R3 =
∣∣∣Γ (−2b)Γ ( 12 + b− a) (−2iMω)2iMω∣∣∣2∣∣∣Γ (2b) Γ ( 12 − b − a) (−2iMω)−2iMω∣∣∣2
(88)
R4 =
∣∣∣Γ (−2b′) Γ ( 12 + b′ − a) (−2iMω)2iMω∣∣∣2∣∣∣Γ (2b′) Γ ( 12 − b′ − a) (−2iMω)−2iMω∣∣∣2
(89)
and in the high frequency limit, both approximate to
R (ω →∞) ≃ 2
e8πMω
, T (ω →∞) = 1−R ≃ 1. (90)
Putting (90) into (1) gives the Hawking temperature (ω →∞)
TH =
1
8piM
. (91)
These two conformal factors were identity at infinity. Below, we will consider the conformal factor r−1, which is not
identity at infinity and the consequent metric is given by
ds5
2 = − (r − 2M)
r2
dt2 +
1
(r − 2M)dr
2 + rdΩ2. (92)
The following equation is the radial equation in this spacetime, when l = 0
d
dr
((r − 2M) d
dr
F5(r)) +
r2w2
(r − 2M)F5(r) = 0. (93)
The solution to this equation is
F5(r) = (2M − r)
−1
2 (C1WhittakerM [a,−a, az] (94)
+C2WhittakerW [a,−a, az]).
The same procedure used above leads to the Hawking temperature
TH =
1
8πM .
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Linear dilaton black hole
In this part, the Hawking temperature of spacetimes that are conformally related to linear dilaton black hole
spacetime (23) is worked out using the minimally coupled equation of motion (6). Although the conformal factors
are not identity at infinity and the dilaton black hole is not asymptotically flat, the Hawking temperature remains
unchanged in these conformally related spacetimes. We select the conformal factor to be r−b
r0
; hence, the conformally
transformed metric is
ds6
2 = −
(
r − b
r0
)2
dt2 + dr2 + r(r − b)dΩ2 (95)
Using (9) and (95), the radial equation takes the following form
1
r(r − b)2
d
dr
(
r(r − b)2 dF6(r)
dr
)
(96)
+
(
ω˜2
(r − b)2 −
l (l + 1)
r2(r − b)2
)
F6(r) = 0
where, ω˜ = r0ω. The solution to this equation is given by hypergeometric functions as follows:
F6(r) = C1x
−iω˜F
[
1
2
+ b′ − a′, 1
2
− b′ − a′, 1− 2a′, x
]
+C2x
iω˜F
[
1
2
+ b
′
+ a
′
,
1
2
− b′ + a′ , 1 + 2a′ , x
]
(97)
where, l = 0, x = b−r
b
, a
′
= iω˜ and b
′
= i
√
16ω˜2−4upslope4 . Near the horizon (x → 0), the solution (97) approximates to
(appendix B)
F6NH(r) ≃ C1x−iω˜ + C2xiω˜ . (98)
And we find the asymptotic behavior (x→∞) as follows (appendix B):
F6∞(r) ≃ [C1
Γ
(
1− 2a′
)
Γ
(
−2b′
)
Γ
(
1
2 − b′ − a′
)2 + C2Γ
(
1 + 2a
′
)
Γ
(
−2b′
)
Γ
(
1
2 − b′ + a′
)2 ]x− 12−b′ (99)
+[C1
Γ
(
1− 2a′
)
Γ
(
2b
′
)
Γ
(
1
2 + b
′ − a′)2 + C2
Γ
(
1 + 2b
′
)
Γ
(
2b
′
)
Γ
(
1
2 + b
′ + a′
)2 ]x 12+b′ .
The outgoing wave must be absent at the infinity; thus,
R =
∣∣∣∣C2C1
∣∣∣∣
2
=
∣∣∣Γ(1− 2a′)Γ(12 + b′ + a′)2∣∣∣2∣∣∣Γ(1 + 2a′)Γ(12 + b′ − a′)2∣∣∣2
(100)
=
(
cos2
(
pi (1 + 4iω˜)
2
)
− 1
)−1
.
Using (1) and the result (100) at high frequency gives:
lim
ω→∞
(
1
e
ω
TH − 1
)
=
1
e4πr0ω
. (101)
We calculate the Hawking temperature as the temperature of the original spacetime
TH =
1
4pir0
. (102)
We also choose the conformal factor to be
(
r−b
r0
)−1
; so, the metric takes the following form
ds7
2 = −dt2 +
(
r − b
r0
)−2
dr2 + r
(
r0
r − b
)2
dΩ2. (103)
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Thus, the radial equation can be written as
(r − b)2
r
d
dr
(
r
dF7(r)
dr
)
+ (104)(
ω˜2 − l (l + 1)
r
(r − b)2
)
F7(r) = 0.
Considering l = 0, the solution to this equation is
F7(r) = C1x
1
2−b′F
[
1
2
− b′ − a′ , 1
2
− b′ + a′ , 1− 2b′, x
]
+C2x
1
2+b
′
F
[
1
2
+ b
′ − a′ , 1
2
+ b
′
+ a
′
, 1 + 2b
′
, x
]
. (105)
The near horizon and asymptotic behaviors of (105), respectively, are (appendix B):
F7NH(r) ≃ C1x 12−b
′
+ C2x
1
2+b
′
. (106)
F7∞(r) ≃ [C1
Γ
(
1− 2b′
)
Γ
(
1
2 − b′ + a′
)2 + C2 Γ
(
1 + 2b
′
)
Γ
(
1
2 + b
′ + a′
) ]Γ(2a′) xa′ (107)
+[C1
Γ
(
1− 2b′
)
Γ
(
1
2 − b′ − a′
) + C2 Γ
(
1 + 2b
′
)
Γ
(
1
2 + b
′ − a′) ]Γ
(
−2a′
)
x−a
′
.
Imposing a similar boundary condition at the high frequency limit gives
R =
∣∣∣∣C2C1
∣∣∣∣
2
=
∣∣∣Γ(12 + b′ + a′)Γ(1− 2b′)∣∣∣2∣∣Γ ( 12 − b′ + a′)Γ(1 + 2b′)∣∣2 (108)
=
(
cos2
(
pi (1 + 4iω˜)
2
)
− 1
)−1
.
Obviously, the results (100) and (108) are equal; this signifies that we can obtain the same Hawking temperature as
before.
Acoustic black hole
We choose the conformal factor to be 1/(rρ0); hence, the metric (33) takes the following form:
ds8
2 = −2a (r − rSH)
r
dτ2 + (109)
1
2ar(r − rSH)dr
2 + rdΩ2.
Using the separation of variables (9), the radial equation is written as (l = 0):
d
dr
(r(r − rSH) d
dr
F8(r)) +
ω¯2r
(r − rSH)F8(r) = 0 (110)
where, ω = ω2a . The solution to equation (110) is given by the hypergeometric functions as follows:
F8(r) = C1z
−iω¯F [α, β, α+ β,
z
rSH
] (111)
+C2z
iω¯F [1− α, 1 − β, 2− (α+ β), z
rSH
]
where, z = (rSH − r) , α = 12 + i
√
ω¯2 − 14 − iω¯ and β = 12 − i
√
ω¯2 − 14 − iω¯. The behavior of (111) at the vicinity of
horizon and at asymptotic infinity may be worked out as follows (appendix B):
F8NH(r) ≃ C1z−iω + C2ziω (112)
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F8∞(r) ≃ z
−1
2 −iω¯[C1
Γ(1− 2iω¯)Γ(−2iω¯)
Γ(12 − 2iω¯)
2 + C2
Γ(1 + 2iω¯)Γ(2iω¯)
Γ(12 )
2 ] (113)
+ziω¯[C1
Γ(1− 2iω¯)Γ(2iω¯)
Γ(12 )
2 + C2
Γ(1 + 2iω¯)Γ(−2iω¯)
Γ(12 + 2iω¯)
2 ]
in which we approximate α ≃ 12 and β ≃ 12 − 2iω¯ at high frequency. The outgoing wave has to be absent, which gives
R =
∣∣∣∣C2C1
∣∣∣∣
2
=
∣∣∣∣Γ(12 + 2iw¯)2Γ(12 )2
∣∣∣∣
2
(114)
= (1− cos2(pi
2
(1 + 4iω¯)))−1.
Based on (1) and (114), we may calculate the Hawking temperature at high frequency as follows
TH =
a
2π .
In summary, in this section, we have shown that Hawking temperatures of some black holes in the minimal coupling
option are invariant under some conformal transformations, which are not identity at the infinity. Jacobson and Kang
have claimed a similar result for the asymptotic flat black holes with the conformal factors that are identity at infinity
[19]. However, based on these samples we conjecture that calculations using the minimally coupled equation of motion
for the deformed black holes give the same temperature as the original black holes without such restrictions (see also
[24]).
VI. QUASI NORMAL MODES OF LINER DILATON BLACK HOLE
Quasi normal modes are the free modes of black holes. These modes are connected to the mass, spin, and charge
of black holes. Their detection could be a useful method for measuring the parameters of black holes. In this section,
we claim that these modes seem to be invariant under conformal transformation, and we provide some evidence for
our hypothesis. Considering the metric of linear dilaton black hole (23), the following equation may be obtained for
scalar perturbations
d
dr
(r(r − b) d
dr
F9(r)) + (ω
2 r
r − b − l(l + 1))F9(r) = 0 (115)
where, ω = r0ω. This differential equation has the following solution [6]:
F9(r) = C2(
r − b
b
)iωF [
1
2
+ i(ω + λ),
1
2
(116)
+i(ω − λ), 1 + 2iω, b− r
b
] + C1(
r − b
b
)−iωF [
1
2
−i(ω + λ), 1
2
− i(ω − λ), 1− 2iω, b− r
b
]
and λ
2
= ω2 − (l + 1/2)2. The asymptotic behavior of this wave function at the near horizon region (r → b) is [6]:
F9NH(x) ≃ C2eiωx + C1e−iωx (117)
where, r−b
b
= ex/r0 . As mentioned in Section 2, the outgoing waves have to be absent in the near horizon vicinity
if the quasi normal modes are needed to obtain. Thus, we set C2 = 0. Then, the asymptotic behavior of (116) at
infinity becomes
F9∞(r) ≃ C1( r−bb )
− 12Γ(1 − 2iω¯)
×
{
Γ(2iλ¯)
Γ( 12−i(ω¯−λ¯))2
( r−b
b
)
iλ¯
+ Γ(−2iλ¯)
Γ( 12−i(ω¯+λ¯))2
( r−b
b
)
−iλ¯}
.
(118)
Removing the ingoing mode at infinity gives the quasi normal modes as follows:
Γ(1/2− i(ω + λ)) =∞→ 1/2− i(ω + λ) = −n. (119)
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Setting l = 0, we work out the quasi normal modes of linear dilaton black hole:
ωn = 4piTH
n(n+ 1)
i(2n+ 1)
. (120)
We can calculate the quasi normal modes of deformed metrics (95) and (103). The functions (98) and (99), respectively,
approximate the behavior of wave function in the near horizon region and at infinity for a spacetime defined in (95).
To impose the boundary condition, we set C2 = 0 in (99), and the absence of the ingoing mode at infinity gives
Γ(
1
2
− b′ − a′) =∞→ 1
2
− iω − i
√
ω2 − 1
4
= −n (121)
→ ωn = 4piTH n(n+ 1)
i(2n+ 1)
.
Enforcing the identical boundary conditions on (106) and (107) leads to the same quasi normal modes as (121).
Thus, it seems that the quasi normal modes of the linear dilaton black hole are invariant under a group of conformal
transformations.
VII. DISCUSSION
There is no insight into whether minimal or conformal coupling is the right choice for quantum field theory in curved
spacetimes. However, most authors opt for the minimal coupling option due to its simplicity while the conformal
coupling attracts less attention.
In this article, we have explored the propagation of scalar fields in curved spacetimes by both minimal and conformal
coupling options. It was shown that the minimally coupled equation of motion (6) in a conformally deformed spacetime
could be transformed into a one dimensional Schro¨dinger-like equation to derive the potential. The same was found
to be true with the conformally coupled equation (7). It was also demonstrated that the potential of this equation
is invariant under any conformal transformation as expected. Besides, all these potentials vanish in the near horizon
region, and it seems that both options, yield the same physics in the near horizon region. In [19], it is argued that
the temperature of static and asymptotically flat black holes is invariant under rescaling with conformal factors that
are identity at asymptotic infinity. Here, we conjectured that minimal scalar field theory and conformal scalar feild
theory both give identical temperatures for static black holes when the term fR is asymptotically finite and the black
holes’ spacetime is conformally related to a spacetime with no scalar curvature. Examples were presented to support
this claim. In addition, it seems that the term ξR in (3) does not contribute to the Hawking temperature and that
the non-minimal and minimal coupling options, therefore, lead to identical temperatures. An explanation was also
put forth later as to how the conformal factors could be found that connect the black holes to spacetimes with zero
scalar curvatures and they were shown to be identity at infinity. Next, clues were provided to support the claim that
the restrictions in [19] are just the sufficient conditions. Another condition, namely, that the black hole spacetime
is conformally related to a spacetime with zero scalar curvature, was explored. At last, it was conjectured that the
quasi normal modes, too, might be invariant under conformal transformations.
APPENDIX A: WHITTAKER FUNCTIONS
The standard form of the Whittaker equation is
d2W
dz2
+
(
−1
4
+
k
z
+
1
4 − µ2
z2
)
W = 0 (122)
and the standard solutions are
WhittakerW [k, µ, z] , WhittakerM [k, µ, z] (123)
limiting forms as z → 0 are [28]
WhittakerW [k, µ, z] ≃ Γ(2µ)
Γ( 12+µ−k)
z
1
2−µ + Γ(−2µ)
Γ( 12−µ−k)
z
1
2+µ, µ 6= 0
WhittakerM [k, µ, z] ≃ z 12+µ, µ 6= −1,−2, . . . (124)
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limiting forms as z →∞ are
WhittakerW [k, µ, z] ≃ zke− z2 , (125)
WhittakerM [k, µ, z] ≃ Γ
(
1
2 + 2µ
)
Γ
(
1
2 + µ− k
)z−ke z2 .
APPENDIX B: HYPERGEOMETRIC FUNCTIONS
The normal form of the hypergeometric equation is:
z (z − 1) d
2F
dz2
+ (c− (a+ b+ 1) z) dF
dz
− abF = 0. (126)
This equation has three singular points at z = 0, 1,∞. The solutions in the neighborhood of these singularities are
[28]
singularity z = 0
F [a, b, c, z] , z1−cF [a− c+ 1, b− c+ 1, 2− c, z] (127)
singularity z = 1
F [a, b, a+ b− c+ 1, 1− z] , (128)
(1− z)c−a−bF [c− a, c− b, c− a− b + 1, 1− z]
singularity z →∞
z−aF
[
a, a− c+ 1, a− b+ 1, 1
z
]
, (129)
z−bF
[
b, b− c+ 1, b− a+ 1, 1
z
]
.
These functions are related to each other through some linear relations as follows [28]:
F (a, b, c, z) =
Γ(c)Γ(b − a)
Γ(b)Γ(c− a) (−z)
(−a)
(130)
F [a, a− c+ 1, a− b+ 1, 1/z]
+
Γ(c)Γ(a− b)
Γ(a)Γ(c− b) (−z)
(−b)
F [b, b− c+ 1, b− a+ 1, 1/z].
F [a, b, c, z] =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) , (131)
F [a, b, a+ b− c+ 1, 1− z]
+(1− z)(c−a−b)Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)
F [c− a, c− b, c− a− b+ 1, 1− z].
The usual normalization condition is
F [a, b, c, 0] = 1. (132)
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